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Definition of transformations between mixed states by local operations and classical communication
In this section we give the definition of transformations by LOCC. An operation Λ on a bipartite quantum system described by the density operator ρ is called separable if it has the following form [3, 4, 5, 6] :
(1.1)
The Kraus operators have to satisfy the condition
Definition. Local operations and classical communication (LOCC) are a subset of separable operations, where the Kraus operators can be generated in a specific way. Namely, an operation described by {A
is applied by Alice. She communicates the result i of a measurement to Bob, who uses this information for building his set of operations {B (2,i) j }. Then, Bob transmits the result j to Alice and the scenario is repeated [3, 4, 5, 6] .
Using the above definition, the following results were obtained:
(i) transformation between two pure bipartite entangled states [2] :
(ii) transformation between a pure state and an ensemble [7] :
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Here the ensembles consist of two states.
The entanglement of a mixed state ρ is defined as [7] :
The ensemble that achieves the minimum in the above definition is called an optimal ensemble [1] . Instead of using the definition presented above, the author presents a different definition for LOCC [1] : "Let {p i , | Ψ i } and {q j , | Φ j } be two optimal ensembles of two-qubit mixed states ρ and σ, respectively. We say
There is no paper in the scientific literature where this definition for LOCC for mixed states can be found.
The incompleteness of the Proof of Theorem 2.6 in the paper [1]
The main theorem in Ref. [1] , Theorem 2.6, gives the necessary and sufficient conditions that enable the transformations between mixed states using LOCC. In the body of the Proof of this theorem, the conditions that perform the transformation between ensembles are presented, where the ensembles are built using four 2 × 2 states. The conditions that describe this transformation are given by Eqs. (9) − (12) in [1] : As one can see from the above equations, the input pure state | Ψ i is known. There are four different LOCC transformations T 1 , T 2 , T 3 , and T 4 that are performed, depending on the input state. One can apply the methods used in the proof of Theorem 1 in Ref. [7] and the proof of the Nielsen's theorem in [2] for obtaining the mathematical expression of the four transformations. If the input state is | Ψ 1 , then one can construct a local protocol L 1 that makes the transformation | Ψ 1 → | η , where | η is the average target state defined in Ref. [7] . Further a POVM is applied to the average state in order to obtain the ensemble: | η → {q j , | Φ j }. Due to the fact that the local protocols L 1 , L 2 , L 3 , and L 4 are different, depending on the input state | Ψ i , it follows that the transformations T 1 , T 2 , T 3 , and T 4 are different.
The equations (9)−(12) in Ref. [1] are analogue (identical) with the Eq. (9) in Ref. [8] by Gour, where only two states were considered. Gour emphasized that there are two different transformations T 1 and T 2 , that enable the LOCC between ensembles of two states.
The author concluded in the Proof of Theorem 2.6 in [1] that, if the Eqs. In the case when the transformation is applied to the mixed state ρ = 
